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Introduction

IN recent years, there has been an increasing trend that
aircraft be operated at speeds in the high subsonic or

transonic regime. At these speeds, shocks form on the airfoil
which result in an increase in the drag forces and a loss in lift
force due to boundary layer separation. Consequently, to
reduce such deficiencies, supercritical airfoils have been
developed that can delay the drag rise Mach number and give
higher lift coefficients. l~3 In regard to steady aerodynamics,
the supercritical airfoils have proven more efficient than
conventional airfoils in the transonic regime. It is also of great
practical interest to compare the unsteady aerodynamics.
Farmer and Hanson4 investigated two dynamically similar
wings: one with a supercritical and the other with a con-
ventional airfoil. The flutter boundaries were measured and
compared with Kernel function calculations. The calculations
agreed well with the wind tunnel tests up to M= 0.85 but did
not indicate the large transonic dip. The flutter boundaries of
the two wings were nearly identical up to M= 0.9, after which
the supercritical wing experienced a much more pronounced
transonic dip. McGrew et al.5 studied a TF-8A flutter model
and the YC-15II prototype aircraft. These supercritical wings
exhibited significantly lower flutter speeds than a con-
ventional wing of equal size and rigidities. This agrees with
the conclusions drawn in Ref. 4. Ashley6 studied the flutter
characteristics of a typical section of the TF-8A supercritical
wing, 65.3% semispan station, using wind tunnel test results.7

The influences of Mach number, section normal force
coefficient, shock phase lag, and amplitude of shock
displacement on flutter speeds for varying mass ratio were
considered.

In these flutter analyses of supercritical airfoils, the
aerodynamic data were obtained either from experiment,
completely6 or partially,5 or from inviscid theory.4 In the
present flutter analysis of a MBB A-3 supercritical airfoil,
designed by Messerschmitt-Bolkow-Blohm, theoretical
aerodynamic data were used, obtained by two inviscid
transonic computer codes: 1) LTRAN2 based on the time-
integration method8 with low-frequency approximation and
2) the steady and unsteady flow programs STRANS2 and
UTRANS2, respectively, based on the harmonic method.9

The unsteady aerodynamic data were obtained as the four
aerodynamic coefficients Cf/j, C^f Cmh> and Cm^ by pitching
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the airfoil about the V* -chord axis for various values of low
reduced frequencies (kc < 0.2).

The design conditions of the MBB A-3 supercritical airfoil
are M= 0.765, angle of attack a =1.3 deg, and steady lift
coefficient Q = 0.58. From the steady pressure computations,
it was found that at the design Mach number of 0.765 the
angles of attack required to produce the design lift coefficient
of 0.58 were 0.75 and 0.42 deg by STRANS2 and LTRAN2,
respectively. Hence, the flutter analysis was performed at
these equivalent conditions. The effects of various aeroelastic
parameters, airfoil camber, and also of Mach number at zero
angle of attack were investigated.

Discussion
The parameters and sign conventions for the present two-

degree-of-freedom airfoils are the same as those defined in
Ref. 10. It is assumed that the airfoil is rigid, the amplitudes
of oscillation are small, and that the principle of super-
position for airloads is valid in the presence of shocks. The
aeroelastic equations of motion and the equations for
transformation of the aerodynamic coefficients can be found
in Refs. 10 and 11. Three airfoil configurations are in-
vestigated: 1) a MBB A-3 supercritical airfoil; 2) a MBB A-3
airfoil with camber removed; and 3) a NACA 64A010 airfoil
scaled down to 8.9% maximum thickness-to-chord ratio, the
same as that of airfoil 1. The equations for these con-
figurations were given by Olsen in private communication
while the airfoil data are given in Ref. 12. Airfoils 2 and 3 are
very similar. Flutter analyses were performed for design Mach
number 0.765, design lift coefficient 0.58, and angles of
attack 0.75 and 0.42 deg for STRANS2/UTRANS2 and
LTRAN2, respectively.
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For the steady computations, LTRAN2 was used in the
SLOR-mode with Krupp scaling. STRANS2, which is based
on a mixed-differencing relaxation procedure, was also used.
The steady pressure distributions for all three airfoils, ob-
tained by both codes, show that airfoil 1 experiences a shock,
whereas airfoils 2 and 3 are subcritical.3'13 The pressure
curves for airfoils 2 and 3 are nearly the same, but the former
have a little bump near the upper nose, possibly due to the
blunter nose of airfoil 2 with supercritical thickness
distribution. In general, the trends of the pressure curves
obtained by LTRAN2 and STRANS2 agree well. The shock
obtained by LTRAN2 is aft and stronger than that from
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Fig. 2 Effect of airfoil-air mass density ratio on flutter speed by
STRANS2/UTRANS2.

STRANS2, which can contribute to discrepancies in the
unsteady coefficients.

The unsteady aerodynamic coefficients for the three airfoils
obtained by both LTRAN2 and UTRANS2 are given in Refs.
3 and 13. The values for airfoil 1 are higher than those for
airfoils 2 and 3, which are quite close. Both codes compare
well in values and trends.

Based on the unsteady coefficients, flutter speeds were
computed for the three airfoils by varying four parameters:
airfoil-air mass density ratio ^, location of mass center xa,
plunge-pitch frequency ratio a)^/a)a, and location of elastic
axis ah. The radius of gyration ra and reference frequency ur
were assumed as 0.5 and 1.0, respectively. Results are
presented as six figures in Refs. 3 and 13. Two are presented
here (Figs. 1 and 2). Both figures show that flutter speed
increases steadily with the increase of the mass ratio. Removal
of the camber shows an obvious destabilizing effect that
reduces the flutter speed. On the other hand, the flutter
characteristics of airfoils 2 and 3 are nearly identical.

Studies conducted earlier for several airfoils (see, for
example, Refs. 4 and 10) have shown that the curve for flutter
speed vs Mach number exhibits a dip in the transonic regime.
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Fig. 3 Distribution of steady pressure coefficients.

Table 1 Aerodynamic coefficients for MBB A-3 airfoil for various Mach numbers at a = 0.0 deg
by time integration (LTRAN2) with 79 X 99 grid

Reduced frequency, kc
Mach 0.

Coefficient number Real
05

Imag.
0.

Real
10

Imag.
0.

Real
15

Imag.
0.

Real
20

Imag.

0.700
0.720
0.740
0.765
0.780

0.700
0.720
0.740
0.765
0.780

0.700
0.720
0.740
0.765
0.780

0.700
0.720
0.740
0.765
0.780

0.061
0.077
0.095
0.171
0.569

9.246
9.652

10.296
12.724
15.654

0.002
0.003
0.003

-0.008
-0.117

-0.057
-0.062
-0.091
-0.763
-2.879

0.462
0.483
0.515
0.636
0.783

-1.217
-1.529
-1.908
-3.409

-11.373

-0.003
-0.003
-0.005
-0.038
-0.144

-0.037
-0.050
-0.059

0.162
2.331

0.184
0.215
0.278
0.422
1.024

8.677
8.971
9.374

11.001
10.794

0.006
0.007
0.008

-0.015
-0.212

-0.069
-0.077
-0.115
-0.706
-1.719

0.868
0.897
0.937
1.100
1.079

-1.844
-2.154
-2.777
-4.223

-10.243

-0.007
-0.008
-0.012
-0.071
-0.172

-0.056
-0.074
-0.083

0.150
2.122

0.360
0.404
0.493
0.724
1.308

8.097
8.296
8.552
9.469
8.276

0.011
0.014
0.016

-0.022
-0.274

-0.083
-0.101
-0.146
-0.686
-1.185

1.215
1.244
1.283
1.420
1.241

-2.398
-2.696
-3.283
-4.825
-8.721

-0.012
-0.015
-0.022
-0.103
-0.178

-0.075
-0.091
-0.106
0.146
1.824

0.556
0.592
0.700
0.881
1.529

7.845
7.717
7.862
8.642
6.531

0.018
0.020
0.024

-0.029
-0.321

-0.099
-0.126
-0.182
-0.680
-0.818

1.569
1.543
1.572
1.728
1.306

-2.778
-2.962
-3.500
-4.403
-7.647

-0.020
-0.025
-0.036
-0.136
-0.164

-0.089
-0.102
-0.118
0.145
1.606
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Table 2 Aerodynamic coefficients for MBB A-3 airfoil for various Mach numbers at a = 0.0 deg
by harmonic analysis (UTRANS2) with 71 x 74 grid

Reduced frequency, kc

Mach
Coefficient number

0.700
0.720

Ce 0.740
0.765
0.780

0.700
0.720

Ct 0.740
0.765
0.780

0.700
0.720

C 0.740
0.765
0.780

0.700
0.720

C 0.740
0.765
0.780
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Fig. 4 Effect of Mach number on flutter speed for various mass
center positions.

MACH NUMBER (M)
Fig. 5 Effect of Mach number on flutter speed for two elastic axis
positions.

This transonic dip phenomenon was investigated for the MBB
A-3 supercritical airfoil oscillating at zero mean angle of
attack. Both programs LTRAN2 and STRANS2/UTRANS2
were used and the results are compared. The Mach numbers
considered were 0.7, 0.72, 0.74, 0.765, and 0.78, respectively.
The results for the steady pressure distributions are plotted in
Fig. 3. The pressure curves on the upper surface grow rapidly
with the increase in Mach number while those on the lower
surface remain nearly unchanged. The shocks start to develop
at Mach numbers between 0.74 and 0.765. The shocks ob-

tained by LTRAN2 are stronger and closer to the trailing edge
than those by STRANS2.

Tables 1 and 2 show the unsteady aerodynamic coefficients
obtained by LTRAN2 and UTRANS2, respectively. The
agreement between the two tables is better at lower Mach
numbers. Discrepancies may be attributed to 1) the basic
difference in steady pressure curves, 2) different assumptions,
and 3) different finite difference schemes.

Figures 4 and 5 show curves for flutter speed and the
corresponding reduced frequency vs Mach number for dif-
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ferent positions of the mass center and the elastic axis. Figure
4 shows that the flutter speed increases as the mass center
moves forward, and Fig. 5 shows that the flutter speed does
not change much as the position of the elastic axis changes
from 45 to 25% chord measured from the leading edge.

In general, Figs. 4 and 5 demonstrate that the time-
integration and harmonic analysis methods agree quite well.
The agreement becomes less at higher Mach numbers. This
difference stems from the lack of agreement in unsteady
coefficients in Tables 1 and 2. All the curves show a dip in the
neighborhood of the design Mach number.
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Prediction of Range and Endurance
of Jet Aircraft at Constant Altitude
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Nomenclature
dj = coefficients defined in Eqs. (13); /= -3, -1, 1
a, b - constants defined in Eqs . (9)
C = thrust specific fuel consumption
CO>CL =zeroth- and first-order thrust coefficients of

fuel consumption
total drag and lift coefficients
parasite-drag coefficient
total aerodynamic drag force
endurance
induced-drag factor
aerodynamic lift force
dynamic pressure
cruising range, specific range
maximum value of specific range

CD, CL
CD
D
E
K
L
q
R,RS
(^5 ) max
5
T, t
j/ ymd
Fopt
W, W

= wing area
= thrust force and time
= true airspeed at cruise and for minimum drag
= true airspeed for maximum range
= aircraft gross weight and its time derivative

Wf, Wj = final and initial values of W
p = atmospheric density at cruising altitude

Introduction

W ITH the cost of petroleum-based fuels continuing to
spiral upward, the subject of range and endurance vs

fuel economy has taken on renewed importance. Thus, the
precise manner in which range and endurance are predicted is
becoming more crucial. Perhaps the first published analyses
of range for turbojet-powered aircraft (there were un-
doubtedly numerous early analyses of an unpublished nature,
such as company reports, etc.) were those of Page1 and
Jonas,2 both in 1947. However, Page was concerned with
only specific range rather than total. Jonas derived the
square-root range expression (see Appendix A). In deriving
this equation, he assumed that angle of attack is maintained at
that required for maximum range and that engine speed and
airspeed are decreased as fuel is consumed in the course of the
flight. The same form of equation was derived in the well-
known textbooks of Perkins and Hage3 and Dommasch et
al.4

Reference 2 was followed by the work of Ashkenas,5 who
obtained a similar expression for jet-aircraft range at altitudes
below 35,000 ft and a logarithmic form (see Appendix B)6'12

for the constant-temperature stratosphere.
It is shown here that neither the square-root (Appendix A)

nor the logarithmic (Appendix B) form are appropriate for
constant-altitude cruise because of the following.

1) The assumption that the thrust specific fuel con-
sumption (C) is constant, regardless of thrust level, is a poor
representation of actual turbojet or turbofan characteristics.

2) At constant altitude, the sets of variables (p, C,
CL/CD) or (C, LID, V) cannot be held constant when Wis
changing. However, both Ashkenas5 and Nicolai10 noted that
the latter set can be held constant in a cruise climb by holding
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